
Lecture 7 
Trajectory analysis



• Understand the cell fate decisions in biological processes, such as differentiation, immune 
response, or cancer expansion with scRNA-seq data

• Infer or assume a type of underlying trajectory structure

• Computationally project and order the cells along the trajectory

• The orders of the cells are also called the pseudotimes

• There already exists more than 70 TI methods
(For a comprehensive benchmarking, see Saelens W. et. al., Nat. Biotech. 37, 547–554(2019)) 

Trajectory inference (TI) for scRNA-seq

Saelens W. et. al., Nat. Biotech. 
37, 547–554(2019) 

Liu S. F1000Research 5 (2016)



• Idea: build a connection graph for the clusters

• Main steps:

• Dimension reduction and clustering 

• Treat clusters as nodes in a graph and draw a minimum spanning tree 
(MST)

• MST: spanning tree whose weights (sum of its edge weights) is 
the smallest among spanning trees

• Greedy MST algorithm to find the solution
• Tutorial: https://algs4.cs.princeton.edu/43mst/

• Edge weight: distance between two clusters

Slingshot (Street et. al., BMC Genomics, 2018)

https://algs4.cs.princeton.edu/43mst/


• Main steps:
• Estimate the lineage (trajectory) structure

• Dimension reduction and clustering 
• Treat clusters as nodes in a graph and draw a minimum spanning tree (MST)
• Undirected tree -> directed tree: user provided initial cluster

• Perform constrained MST if users provide the leaf node
• Drawback: what if the lineage structure is not a tree?
• Estimate a cell pseudotime

• For each lineage (path from initial node to a leaf node), fit a principal curve and project 
the cells onto the principal curve to determine the pseudotime

• Challenge: shared lineages should have overlapping principal curves and cells belonging 
to multiple lineages should have similar pseudotime estimates

Slingshot (Street et. al., BMC Genomics, 2018)



Slingshot (Street et. al., BMC Genomics, 2018)
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(a) Constructing ini tial curves using a cluster-based MST. Using a synthet ic, two-dimensional dataset wit h

two lineages of different lengths, we show how Slingshot const ructs the init ial curves from the MST and

the corresponding pseudot ime variables by orthogonal project ion. Clusters were obtained by k-means and

orthogonal project ion lines are shaded to represent cell-level weight ing (for cells belonging to both lineages,

the weights are proport ional to the rat io of project ion distances to each curve; at this stage, weight ing only

affects cells from the green cluster).
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(b) Updating the curves with a scatterplot smoother. For each curve, we use a smoothing spline to infer the

cells’ coordinates in each dimension as a funct ion of pseudot ime. T he result ing funct ions define a curve in

the original, low-dimensional space.
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(d) Effect of shr inkage over one i teration. Dashed lines

show the unshrunken curves from above, solid lines show

the new, shrunken curves. Over a single iterat ion, the

shrinkage step has a very small effect , primarily in the

neighborhood of cells common to both lineages.
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(e) Effect of shr inkage over enti re algo-

r i thm. Individual principal curves will

tend to disagree in the neighborhood of

shared cells, where they should be similar.

Shrinkage reduces the discrepancy between

curves in this neighborhood, but has lit t le

effect beyond it .

Figure S19: Simultaneous pr incipal curves: Detai led explanation of the shr inkage step. Using a toy

dataset generated by adding Gaussian noise to two two-dimensional smooth, branching curves, we

illust rate the impact of the shrinkage step in simultaneous principal curves.
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(a) Constructing ini tial curves using a cluster -based MST . Using a synthet ic, two-dimensional dataset wit h

two lineages of different lengths, we show how Slingshot const ructs the init ial curves from the MST and

the corresponding pseudot ime variables by orthogonal project ion. Clusters were obtained by k-means and

orthogonal project ion lines are shaded to represent cell-level weight ing (for cells belonging to both lineages,

t he weights are proport ional to the rat io of project ion distances to each curve; at t his stage, weight ing only

affects cells from the green cluster).
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(b) Updating the curves with a scatterplot smoother . For each curve, we use a smoothing spline to infer the

cells’ coordinates in each dimension as a funct ion of pseudot ime. T he result ing funct ions define a curve in

the original, low-dimensional space.
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(c) Average curves and weighting functions. T he average curve, cav g (t), is the pointwise average of the

two curves c1(t) and c2(t), defined for all t in t he intersect ion of t heir domains. Weight ing funct ions

are const ructed for each curve based on the pseudot ime dist ribut ion of shared cells (cells belonging to

all lineages involved in the branching event ). T he upper and lower whiskers of the boxplot define the

boundaries of the decreasing part of t he weight ing funct ion (by default , a scaled version of the survival

funct ion of the cosine kernel).
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the new, shrunken curves. Over a single iterat ion, the

shrinkage step has a very small effect , primarily in the

neighborhood of cells common to both lineages.
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(e) Effect of shr inkage over enti re algo-

r i thm. Individual principal curves will

tend to disagree in the neighborhood of

shared cells, where they should be similar.

Shrinkage reduces the discrepancy between

curves in this neighborhood, but has lit t le

effect beyond it .

Figure S19: Simultaneous principal curves: Detai led explanation of the shr inkage step. Using a toy

dataset generated by adding Gaussian noise to two two-dimensional smooth, branching curves, we

illust rate the impact of the shrinkage step in simultaneous principal curves.
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(a) Constructing ini tial curves using a cluster-based MST . Using a synthet ic, two-dimensional dataset with

two lineages of different lengths, we show how Slingshot const ructs the init ial curves from the MST and

the corresponding pseudot ime variables by orthogonal project ion. Clusters were obtained by k-means and

orthogonal project ion lines are shaded to represent cell-level weight ing (for cells belonging to both lineages,

the weights are proport ional to the rat io of project ion distances to each curve; at this stage, weight ing only

affects cells from the green cluster).
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(b) Updating the curves with a scatterplot smoother . For each curve, we use a smoothing spline to infer the

cells’ coordinates in each dimension as a funct ion of pseudot ime. The result ing funct ions define a curve in

the original, low-dimensional space.
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(c) Average curves and weighting functions. The average curve, cav g (t), is the pointwise average of the

two curves c1(t) and c2(t), defined for all t in the intersect ion of their domains. Weight ing funct ions

are const ructed for each curve based on the pseudot ime dist ribut ion of shared cells (cells belonging to

all lineages involved in the branching event ). The upper and lower whiskers of the boxplot define the

boundaries of the decreasing part of the weight ing funct ion (by default , a scaled version of the survival

funct ion of the cosine kernel).
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(d) Effect of shr inkage over one iteration. Dashed lines

show the unshrunken curves from above, solid lines show

the new, shrunken curves. Over a single iterat ion, the

shrinkage step has a very small effect , primarily in the

neighborhood of cells common to both lineages.
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(e) Effect of shr inkage over enti re algo-

r i thm. Individual principal curves will

tend to disagree in the neighborhood of

shared cells, where they should be similar.

Shrinkage reduces the discrepancy between

curves in this neighborhood, but has lit t le

effect beyond it .

Figure S19: Simultaneous pr incipal curves: Detai led explanation of the shr inkage step. Using a toy

dataset generated by adding Gaussian noise to two two-dimensional smooth, branching curves, we

illust rate the impact of the shrinkage step in simultaneous principal curves.
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(a) Constructing ini tial curves using a cluster -based MST . Using a synthet ic, two-dimensional dataset wit h

two lineages of different lengths, we show how Slingshot const ructs the init ial curves from the MST and

the corresponding pseudot ime variables by orthogonal project ion. Clusters were obtained by k-means and

orthogonal project ion lines are shaded to represent cell-level weight ing (for cells belonging to both lineages,

the weights are proport ional t o the rat io of project ion distances to each curve; at t his stage, weight ing only

affect s cells from the green cluster).
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(b) Updating the curves with a scatterplot smoother . For each curve, we use a smoothing spline to infer the

cells’ coordinates in each dimension as a funct ion of pseudot ime. T he result ing funct ions define a curve in

the original, low-dimensional space.
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(c) Average curves and weighting functions. T he average curve, cav g (t ), is the pointwise average of the

two curves c1 (t ) and c2(t), defined for all t in the intersect ion of their domains. Weight ing funct ions

are const ructed for each curve based on the pseudot ime dist ribut ion of shared cells (cells belonging to

all lineages involved in the branching event ). T he upper and lower whiskers of the boxplot define the

boundaries of the decreasing part of the weight ing funct ion (by default , a scaled version of the survival

funct ion of t he cosine kernel).
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(d) Effect of shr inkage over one i teration. Dashed lines

show the unshrunken curves from above, solid lines show

the new, shrunken curves. Over a single iterat ion, the

shrinkage st ep has a very small effect , primarily in the

neighborhood of cel ls common to both lineages.

Unshrunken

Average

Shrunken

●
●

●

●

●

●

●
●

●

●
●●

●

●●
●●●

●

●
●

●
●●

●
●

●

●
●

●
●

●
●

●

●
●●

●
●●

●

●

●

●●

●
●

●

●
●●●●

●

● ●
●

●

●
●

●

●●
●●

●

●
●

●
●●●
●

●

●

●

●
●

●●
●

●● ●
●
● ●

●

●

●

●

●

●
●

●

● ●
●●

●

●
●●
●

●
●
●●
●

●
●

●

●

●●
●●
●

●

●

●●● ● ●

●

●●

● ● ●●

●

●●
●●
●

●

●

●

●

●

●

●

●
● ● ●

●
●

●

●
●

●

● ●

●

●

●

●●

●

●●

●
●
●●
●

●●●●
●

●●

●

●
●●
●●●●●

●
●
●

●●●
●●
●●●

●●●●

●●●
●
●

●
●

●

●●

●
●
●

●●
●●

●

●
●
●
●●

●

●●●●

●

●

●●●●
●●●●

●●
●

●
●
●

●

●

●●●
●●
●●

●

●●
●

●

●
●
●●
●
●
●●●

●

●

●

●●

●

●
●
●●●
●
●

●

●

●

●●●
●●

●

●

●

●

●

●

●
●

●

●
●●

●

●● ●●●

●

●
●

●
●●

●
●

●

●
●

●
●

●

●

●

●
●●

●
●●●

●

●
●
●
●●

●
●

●

●

●

●
●

●●

●

●● ●
●
●●

●

●

●
●

●

●

●

● ●
●●●
●●
●

●
●
●●
●

●
●

●

●

●●

●●
●

●

●

●●●● ●

●

●●

●●●●

●

●●

●●
●

●

●

●

●

●

●

●

●
● ● ●
●

●

●

●
●

●

●
●

●

●●

●

●
●●
●

●
●●●

●

●●

●

●

●●

●
●●●●

●

●
●

●
●●

●●
●●
●

●
●●

●
●

●

●

●

●

●
●

●

●
●
●●

●

●

●

●

●●●
●

●
●

●●

●●●

●

●

●

●

●

●
●

●

●
●

●●

●●
●

●

●

●

●
●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●
●

●●
●

●

●
●

●
●●

●
●

●

●
●

●
●

●

●

●

●
●●

●
●
●

●

●

●

●
●

●

●

●

●

●
●●●

●

● ●

●

●

●
●

●

●
●

●●

●

●
●

●

●●
●

●

●

●

●

●
●

●●

●

●● ●
●
●●

●

●

●

●

●

●● ●●●
●

●●●●

●
●●●

●

●
●

●

●

●●

●
●●●●

●

●

●

●
●
●

●●
●●●

●
●●
●

●
●
●

●

●

●
●

●

●
●

●

●

●

●●

●●

●

●

●

●

●

●●

●●●
●
●

●
●●●

●
● ●●●●●●● ●●● ●● ●●●●●●● ●●●● ●●●●● ● ●●●●● ●● ● ●● ●●●●● ●● ● ●● ● ●●●●

0
.0

0
.5

1
.0 ●● ●●●

●
●●●●

●
●●●

●

●
●

●

●

●●

●
●●●●

●

●

●

●
●
●

●●
●●●

●
●●
●

●
●
●

●

●

●
●

●

●
●

●

●

●

●●

●●

●

●

●

●

●

●●

●●●
●
●

●
●●●

●
● ●●●●●●● ●●● ●● ●●●●●●● ●●●● ●●●●● ● ●●●●● ●● ● ●● ●●●●● ●● ● ●● ● ●●●●

●●
●

●●

●
●●●●

●
●●●

●

●
●

●

●

●●

●

●●●
●

●

●

●

●
●
●

●●●●●

●
●●

●●

●

●● ●●● ●●●●● ●● ●● ●●● ●●●●●

●
●

●

●

●

●

●

●

●
●

●

●

●

●●

●●

●

●

●

●●●
●

● ●●●● ●●●●●●●●●●●●

0
.0

0
.5

1
.0 ●●

●
●●

●
●●●●

●
●●●

●

●
●

●

●

●●

●

●●●
●

●

●

●

●
●
●

●●●●●

●
●●

●●

●

●● ●●● ●●●●● ●● ●● ●●● ●●●●●

●
●

●

●

●

●

●

●

●
●

●

●

●

●●

●●

●

●

●

●●●
●

● ●●●● ●●●●●●●●●●●●
●

●

●

●

●

Cluster 1

Cluster 2

Cluster 3

Cluster 4

Cluster 5

●

●

Shared

Lineage specific

Dim 1

D
im

 2

Dim 1

D
im

 2

Dim 1

D
im

 2

t

D
im

 1

t

D
im

 2

t

D
im

 1

t

D
im

 2

●

●

●

●

●

Cluster 1

Cluster 2

Cluster 3

Cluster 4

Cluster 5

●

●

Shared

Lineage specific

Lineage	1	– c1(t)	 Lineage	2	-	c2(t)	

Dim 1

D
im

 2

t

w
1
(t
)

t

w
2
(t
)

Dim 1

D
im

 2

Dim 1

D
im

 2

Dim 1

D
im

 2

Lineage 2

Lineage 1Origin

cavg(t)

c2(t)

c1(t)

Unshrunken

Average

Shrunken

Unshrunken

Average

Shrunken

(e) Effect of shr inkage over enti re algo-

r i thm. Individual principal curves will

tend to disagree in the neighborhood of

shared cells, where they should be similar.

Shrinkage reduces the discrepancy between

curves in this neighborhood, but has lit t le

effect beyond it .

Figure S19: Simultaneous principal curves: Detai led explanation of the shr inkage step. Using a toy

dataset generated by adding Gaussian noise to two two-dimensional smooth, branching curves, we

illust rate the impact of the shrinkage step in simultaneous principal curves.
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(a) Constructing ini tial curves using a cluster-based MST . Using a synthet ic, two-dimensional dataset wit h

two lineages of different lengths, we show how Slingshot const ructs the init ial curves from the MST and

the corresponding pseudot ime variables by orthogonal project ion. Clusters were obtained by k-means and

orthogonal project ion lines are shaded to represent cell-level weight ing (for cells belonging to both lineages,

the weights are proport ional to the rat io of project ion distances to each curve; at this stage, weight ing only

affect s cells from the green cluster).
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(b) Updating the curves with a scatterplot smoother . For each curve, we use a smoothing spline to infer the

cells’ coordinates in each dimension as a funct ion of pseudot ime. T he result ing funct ions define a curve in

the original, low-dimensional space.
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(d) Effect of shr inkage over one i teration. Dashed lines

show the unshrunken curves from above, solid lines show

the new, shrunken curves. Over a single iterat ion, the

shrinkage step has a very small effect , primarily in the

neighborhood of cells common to both lineages.
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(e) Effect of shr inkage over enti re algo-

r i thm. Individual principal curves will

tend to disagree in the neighborhood of

shared cells, where they should be similar.

Shrinkage reduces the discrepancy between

curves in this neighborhood, but has lit t le

effect beyond it .

Figure S19: Simultaneous pr incipal curves: Detai led explanation of the shrinkage step. Using a toy

dataset generated by adding Gaussian noise to two two-dimensional smooth, branching curves, we

illust rate the impact of the shrinkage step in simultaneous principal curves.

23

a
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c

d e

• Principal curve (Hastie and 
Stuetzle, JASA 1989)

• Generalization of getting first 
(linear) PC



• Construct KNN graph of the cells (use any reasonable method, can apply denoising first)

• Clustering and determine connectivity between clusters based on the KNN graph

• 𝜀𝑖𝑗
𝑠𝑦𝑚

: number of edges (outgoing and ingoing) between cluster 𝑖 and 𝑗

• Under the “null” where there is no connection between the two clusters

• 𝑛𝑖: number of nodes in cluster 𝑖, 𝑒𝑖: number of outgoing edges of cluster 𝑖

• Cluster connectivity score:

• Thresholding cluster connectivity score to get the final trajectory structure

PAGA (Wolf et. al., Genome Biology, 2019)



PAGA (Wolf et. al., Genome Biology, 2019)

• Initialize UMAP with the coarse cluster graph leads to better 
visualization of the data



• Pseudotime estimation for each cell (DPT)
• Pseudotime defined as the distance of a continuous progression along a manifold

• Based on a diffusion maps model on the cell-cell graph 
(like MAGIC, cell-cell transition matrix 𝑇)

• Some highlights of the algorithm

• Laplace transformation

• Calculate diffusion pseudotime based on the eigenvectors and eigenvalues of 𝐿 (or 
equivalently, 𝑇) 

• Making using of trajectory structure: assign ∞ to cell-cell distance for cells in 
disconnected clusters

PAGA (Wolf et. al., Genome Biology, 2019)



VITAE (Du et. al., BioRXiv, 2023)

• Combine a graph-based method and direct modeling of the data using variational autoencoder

• Assume a complete graph 𝒢 = (𝒩, ℰ) 

• 𝒩(𝒢):  a vertex denotes a distinct cell state / type

• ℰ(𝒢):   an edge denotes a possible transition between two cell states/types

• A cell position 𝒘𝑖 ∈ [0, 1]𝑘 on the graph

• The trajectory backbone, ℬ, as a subgraph of 𝒢



• Assume latent variables 𝒁𝑖 ∈ ℝ𝑑 satisfy

• 𝑼: unknown positions of the vertices in ℝ𝑑

• 𝑿𝑖 : cell-specific confounding covariates (data source, cell cycle, et. al.)

• We also assume a mixture prior on 𝒘𝑖

Observed count data 𝑌𝑖𝑔 

A non-linear mapping from the latent space to the 
high-dimensional observed data

Model 𝑓𝑔 by a neural 

network

VITAE (Du et. al., BioRXiv, 2023)



• Key contribution: Simultaneous batch effect 
removal and trajectory analysis

• Loss function:

• Four penalty terms:

• 𝛽-VAE:
• Set 𝛽 > 1 to encourage posteriors of 𝒁𝑖 to lie 

along trajectory backbone

• Adjust for confounding 𝑿𝑖 and batch effects

• Soft penalty: help decorrelate 𝒁𝑖 from 𝑿𝑖 

• MMD loss: used across replicates where the cell 
populations are known to be the same

• Jacobian regularizer

• enhance stability in optimization

Reconstruction loss

VITAE (Du et. al., BioRXiv, 2023)



• Model (normalized and dimension-reduced) scRNA-seq data as generated from a mixture of 
Gaussian processes

• Infer posterior 𝑡|𝑋 to estimate each cell’s pseudotime 

• Prior distribution

• Make use of the calendar time

• Use variational Bayes and EM to infer parameters 

• For interpretation of each GP component, only allow one branching point

GPfates (Lonnberg et. al., Science Immunology, 2017)



Waddington-OT (Schiebinger et. al., Cell, 2019)

• Make use the cell collection time and assume that 
cells having a later collection time are descendants 
of the earlier collected cells

• Estimate transition between cells

• Optimal transport coupling

• 𝜋(𝑥, 𝑦): joint distribution at two time points

• 𝑐 𝑥, 𝑦 : pre-defined cost function

• Corresponding optimization problem
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